1. In the writer's theorems f on finite groups of linear homogeneous substitutions of determinant unity, a group of special nature called a self conjugate (or invariant) subgroup H plays an important rôle. There is a lack of completeness to these theorems due to the fact it has not been proved that H is actually less than the transitive (irreducible) group G in which, under certain conditions, it is contained ; i. e., the groups G and i7may be identical so far as the theorems are concerned.
Account had to be taken of this fact in constructing the collineation-groups for the plane and space.J The relation between G and H is as follows. Let the number of variables be n, and let V be any substitution of G. The sum of the multipliers of V (weight, characteristic)
we shall indicate by ( V), which, therefore, represents the sum of n roots of unity :
Each of these roots we write as the product of one ai, whose index is prime to a given prime number p, and one ßi, whose index is a power of p.
By ( V) we indicate the quantity obtained by replacing in (17) , vol. 7 (1906) , p. 523. These two articles will be referred to by LGII&nA LGS respectively. {Mathematische Annalen, vol. 60 (1905), p. 214, §16; vol. 63 (1907) , p. 563, §15.
2. The writer has recently been able to prove that H (or more strictly, a modified form of it) is actually less than G when this group is primitive, so that in all such cases G cannot be a simple group.
Furthermore, it follows that n = 0 (mod^).
Theorem 14 of EG S may be modified to read :
Theorem 14'. If for ra> 1 a primitive group G in n variables has an abelian subgroup K of order pa=pn, then G will have an invariant subgroup H which contains at least pa~nJrl substitutions of K, but which does not contain K entirely.
If Tbe any substitution of H, and V any substitution of G whose weight ( V) is zero* then (VT)pmO (modp). Consider all the weights (2). By the arguments of § 7, LGII, all the substitutions of iT and all further substitutions T of G for which ( VT) vanishes, form a group Hr self-conjugate in G. Iî H had any weight ( W) which vanished, then every (WT) would vanish, and therefore every (T).
But this is impossible, since-(S0) = n. Accordingly, every weight of H is non-vanishing, and therefore H is intransitive, by Burnside's Theorem.
It follows by Theorem 8, LGII, and by Burnside's Theorem that üTis composed of similarity-substitutions.
Second, the weights (2) do not all vanish. By (3), some of them are divisible by 1 -6, the quotient being expressible as a linear function of a finite number of roots of unity, no numerical coefficient entering having a denominator which is divisible by p.
Assume that all the weights (2) are divisible by (1 -0)k, whenever V represents a substitution of G whose weight is divisible by (1 -Q)k, k ranging through the values 0,1,2,
• ■ -,m; but that the weights (2) are not all divisible by ( 1 -0)"'+1 whenever ( V) is divisible by (1 -6)m+l. In general, we should not expect m to be greater than zero. Now, all the substitutions T oí G for which The Theorems 10 and 11, LGII, may be modified in like manner to read that the self-conjugate subgroup H is less than G, the latter being primitive.
In addition, (7^ = 0 (mod^) for every substitution of H. 3. One of the most important problems in the theory of linear homogeneous groups is the determination of the maximum order ; i. e., the fixing of a superior limit to X in Jordan's Theorem, the number of variables being given.
The
